
Note 1

§ Complex Numbers

¥itim: solve of .

ñ= -1
.

no real solutions
,

"

square root of -1
"

Solti: symbol i pure imaginary number satisfies i= -1 .

- Solve general quadratic equation : e.g . 2-
'

+2-+1=0
⇒ 2- = ¥54 = -11=2-53 i

☆Fundamental Theorem of Algebra : Every degree n polynomial
has exactly n complex roots

.



Def: Complex number Z=×+yi ,

X .yt☒
① f E

Rez tmz real @ imaginary part

- Addition : ZT-xi-lfi.2-a-xz-y.ir
@ subtraction Zi -12-2--1×1=1×4+41+-44 i

- Multiplication : Cxityii) - (Xilai)
= X.xztxiysi-xifi-yiy.IE No need to rememberformula .
= 1×1×2 - Yiya) 1- (Xiyztxay ,)i Just apply distributive law

.



e.g .
2- = xtyi . E=✗-yi Complex conjugate

2-I = x2+y2

⇒ H+yi) .ci#y-F+y-.i)-- 1
↑ ↑
2- inverse E' = ×ÉT

- Division : ¥-2 = Zizi '

e.g.IT#i--4ti).(2-3i5'=(4ti)a?+--.j.=b-+j4i-

equivalently,
= E¥iI=(4+i¥ .



§ Complex plane .

-

geometry of 6 .

Yr Imaginary axis

→ 2-=X+yi=Cx , g) Vector
.r ly

>

✗ Real axis$
E=✗-iy=G .

- Y)

- Complex addition/subtraction and vector addition/subtraction
• Complex conjugate a reflection along x-axis length of vectors

to
- Modulus /absolute value/ norm/magnitude of 2- : 12-1 =Ft

2-1+2-2⇒ satisfying triangle inequality : 12-1+2-21<-141+12-4
→-z .



• Polar coordinates (r, ¥) :
F. 12-1 - modulus = length .

- .

Polar form
D- : argcz)= argument of 2- tRectangle v. s Petar

:
✗ =

r.usoy-r.sino .

⇒ 2- = X-iyi-raoso-i.sino )

Amh :
. D- n¥ uniquely defined :

can add a multiple of 21T .

argZ=ArgH+2kI
- Unique value if fixing-ñ. denoted ④ =Arg⑦

☒ sometimes 0<-0 <21T

e.g . 2- =/+ i
.

F- T2 D- = ¥ , ¥-121T , ¥-141T, - - .

% Hi

④ = ¥ >



• Eule.is/-ormuIa-:ei0---CosO+i.sinOitakeasdef-initim/notation
temporarily .

2- = ✗ + Yi e.g .Z-t-i-rfvso-is.in-0 ) =iIei¥
= r.e.io ← Exponential form

what's it good for ? Multiplication !

Recall : Ia .lb=ea+b for

a.be/I.-ljQ.eiO2=(cosQtisinQ)CusOz+isinQ)
=H1÷÷i÷)+

icwasina-osas.io, )

sinoi-i-O.AT



= filo , -10-21

In general . Z
,
-_ r.eiQZ-z-rze.io '
then Z

, Zz = r, r, ei( Q -104

⇒ . Power
:

2-
"
= rn . eino

ex :(Hi )b=HIei¥Y=8.eiÉ- - Sri

- Inverse E- = f. e- it

. Quotient : ¥-2 =F÷eilQ -0-21



Application : Roots of complex number

solve ef . Zn=c a-①
.

Write c= Reit
.

2- =rei0 exponential form

zn= Heino = Rei
.

⇒ r=R""
; nf= ¢+217k where k=0

, -1-1.1=2
.

. - -

⇒ 0=9--1 "¥ ← kandktnrep same angle .

choose representative 0--1<-4-1



II. 5th root of Hi .

.

zt-ti-rae.IE ⇒ 2--2+0 . eio .

k - . -2 -1 -
. -

.

D= +%÷k
.

-15¥ -1¥ Io Eo '¥¥÷" " . .

7

^

b- different roots ! • me. evenly spaced ( inurement ¥)
•

• around circle (radius 2¥)Geometrically :

s

•

•



§ Complex functions / Mappings

f. ① → e

z → W=f(Z)
.

11mW
• Geometrically , visualize

ʰ% w=f☒=É
- i • "

using 2 Complex planes . > • >
0 Retz, -10 Recw )

2-- plane W- plane



- f- 12-3=2-+2-0 ZOEQ translation

"""" "" """" "" " "
" """ "" "

,

- fczj-l.io?Z0-oc-Br rotation
ninth

÷
- f(⇒=E

. reflection
i

- fcz)=¥= inversion
,rein> i' eio

Domain of definition : G- {o }
,

Range : e- { o }



• t-gbmic-y.canrepaconplexf.by a pair of real2-variabkfunctions_
f : 0→ ¢

'

¥ ¥ .

Suppose W = fit ) = UH.yj-ivtx.ly)11

Hiv = f- lI+i1)

lx : f-G) = 2-2 . fcxi-iyj-x-y-2xy.ir
- -

Ukip Ukip



§ Elementary Functions .

4) Exponential Function :
lf :=l✗+iY=e?eiJ

= ex . Ccosytisiny )
Note : . e% =.ci?ek.eiYz--lY-xz.eiH+Yz)--eEe._

"

additive property
"

still holds !
"'"

y
zÉ

^

radius e
'

Geometrically , t+iyi, ¥Ref)



(2) Trigonometric Function Sint
.

Cost
.

Note : Sin . asx
.
✗ c-☒ originates from geometry .

Algebraically , l
"
-

- Crsxtisinx
,
e-
i'
= Cox - isinx

⇒ Sim __ei
,

↳✗ =e"ze
.

D¥ V-zc.ci
,

Sinz :=e"¥
,

cosz :=eit¥

Prof . Sint -2) = - Sint . Cosft ) = lost
- Sink + Lotz = 1

,
Sin (2-1+2-2)=5%2-1 -c☐ZzT Sisti cost, . .

.

(Ex.)



(3) Hyperbolic Functions

- Originated from
"

hyperbolic geometry
"

; very different from trig . function
with Leaf variables .

Sinht :=%e Ghz :=ÑIe
.

- Siah -2 = - isinliz) coshz -_ Cosliz)

• Cosh't - Sinh't -_ 1-
.



(4) Logarithmic Function : loglz) "

inverse of eZ
"

.

( Recall : el" =X f×e☒)
Want : lW=Z

.

W :=log(z)

W=u+iv
.

⇒ ek-eu.ei-v-z-sp.jo

⇒ e"=r
, v=kñ .

ktZ
.

f) U=lnr=ln1H V=arg(Z)

⇐ log 2- =/nlzlteiarglz ZEE - {o}



1m11
Geometrically , 1m¥ Eui . •

2-

2Ii• •

: : >¥É%%%,
/

Ree)

✓ -2Ti. •

Z=ew←w

-14% •

Note : logz is
"

multi - valued
"

!
e.g. try (1) = 0 -12kt - i

log (2) = 1h2 -12kt - i
. . .



• One solution : Define principal value of log 2-

↳ 2-=/ nlzl + i. Argos ,

where - Is Argos ≤ IT

Recall that lncxyt-lnx-lny.V-x.ge-Br .

However
,
this is Ethan true for Loge)

e.g . Z◦=ei¥ ⇒ Logz . __ ¥ - i

z;=ei¥ ⇒ toga:) = ( 4¥ -21-4 .i= - i

t.gl#--2Logz-o !
• Alternative solutions :

• Branches of functions leg . for the branch ◦ ≤ arg⑦<2I , loglzi)=2Igt .)
• Riemann surfaces



(5) Power Function .

2-
°

. II.

define ④ :=eCB 2- C- G- { o}
"

elogt

Again . Multi -valued ! Principal - Valued : P.kz?=ect9lZ)
(unless CEI)

leg 2-=c=i
:ii-ei-bgiloglil-ln.1.lt+2kt )i_ Logit

⇒ eitogli )= e- 12k¥"
"
real numbers ! P.V.fi -_ e-÷" .



(6) Inverse Trigonometric Sin"Z
,
cost 2-

Remember sin
_ '
✗ has domain of definition H1]_ .

For complex function W= Sin
- '

2-

⇒ 2- =sinw=
eiw- e- iw
2i

⇒ (eiw2-zi-2.MY - 1=0
(Solving quadratic of .) ⇒ eiw = iz -14-2-742

⇒ iw = log ( it -111-2-4%3

Hell
,

Siri ' 2- = - ilogciz + ( 1- 2- 2)%)
Vote : it -14-2-742--10 .

so domain of def of sin
_ '
= range of sin = ¢


